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Abstrat It is possible to onsider stohasti models of sequene evolution in
phylogenetis in the ontext of a dynamial tensor desription inspired from
physis. Approahing the problem in this framework allows for the well devel-
oped methods of mathematial physis to be exploited in the biologial arena.
We present the tensor desription of the homogeneous ontinuous time Markov
hain model of phylogenetis with branhing events generated by dynamial op-
erations. Standard results from phylogenetis are shown to be derivable from the
tensor framework. We summarize a powerful approah to entanglement measures
in quantum physis and present its relevane to phylogeneti analysis. Entangle-
ment measures are found to give distane measures that are equivalent to, and
expand upon, those already known in phylogenetis. In partiular we make the
onnetion between the group invariant funtions of phylogeneti data and phy-
logeneti distane funtions. We introdue a new distane measure valid for three
taxa based on the group invariant funtion known in physis as the "tangle". All
work is presented for the homogeneous ontinuous time Markov hain model with
arbitrary rate matries.
1. Introdution
Stohasti methods whih model harater distributions in aligned gene sequenes
are part of the standard armoury of phylogeneti analysis [23,6,7,21,16℄. The evo-
lutionary relationships are usually represented as a bifurating tree direted in
time. It is remarkable that there is a strong oneptual and mathematial analogy
between the onstrution of phylogeneti trees using stohasti methods, and the
proess of sattering in partile physis [11℄. It is the purpose of the present work
to show that there is muh potential in taking an algebrai, group theoretial ap-
proah to the problem where the inherent symmetries of the system an be fully
appreiated and utilized.
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Entanglement is of onsiderable interest in physis and there has been muh
eort to eluidate the nature of this most urious of physial phenomena [25,13,
2,4,9℄. Entanglement has its origin in the manner in whih the state probabil-
ities of a quantum mehanial system must be onstruted from the individual
state probabilities of its various subsystems. Whenever there are global onserved
quantities, suh as spin, it is the ase that there exist entangled states where the
hoie of measurement of one subsystem an aet the measurement outome of
another subsystem no matter how spatially separated the two subsystems are.
This urious physial property is represented mathematially by nonseparable
tensor states. Remarkably, if the pattern frequenes of phylogeneti analysis are
interpreted in a tensor framework it is possible to show that the branhing pro-
ess itself introdues entanglement into the state. This is a mathematial uriosity
that an be studied using methods from quantum physis. This is a novel way of
approahing phylogeneti analysis whih has not been explored before.
In setion 2 we begin by onsidering the stohasti model of sequene evolu-
tion in phylogenetis using ontinuous time Markov hains (CTMCs)
1
. We go on
to present this model in a dynamial tensor desription where the probability dis-
tribution is given by the omponents of a tensor in a preferred basis and the time
evolution is generated by linear operators ating on the spae. The phylogeneti
branhing proess is then developed formally in setion 3 by introduing a linear
operator whih introdues an extra produt in the tensor spae. This operator is
shown to be unique given that the probability distribution must be onditionally
independent from branh to branh. We also show that the branhing proess
introdues entanglement into the state spae. The stationary states of the system
and the pulley priniple, whih desribes the unrootedness of phylogeneti trees,
are presented in the tensor framework in setions 4 and 5 respetively. Setion 6
is a short review of urrent methods of analysing entanglement in terms of group
orbits and invariant funtions. In setions 7 and 8 the work speializes to the
ases of two phylogeneti haraters and small numbers of taxa making up the
analysis. In setion 9 the group orbits and invariant funtions for the ase of two
taxa are presented and expliitly solved to show that the invariant funtion is the
well known log det distane. In setion 10 we go on to study the ase of three taxa
where the invariant funtion known in physis as the tangle is shown to give a new
distane measure for phylogenetis. This previously unstudied distane measure
is found to be useful analytial tool in the reonstrution of phylogeneti trees,
(setion 11).
2. Tensor methods in phylogeneti branhing
We onsider a system onsisting of N sites eah of whih takes on one of K distint
haraters. Assoiated with suh a system we have the set of frequenies
p̂i : =
total number of ourrenes of harater i
N
,
i = 0, 1, ..., K − 1.
1
The reader should note that the model onsidered in this paper is the general
Markov model on a tree together with the additional assumption that the tran-
sition matries are non-singular and arise as an analytial ontinuation from the
identity matrix. For a reent review of the hierarhy of phylogeneti models see
[5℄.
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We model these frequenies by dening a set of probabilities whih are the theo-
retial limit
pi = lim
N→∞
p̂i.
Introduing the K dimensional vetor spae V with preferred basis {ei}, we an
assoiate the set of probabilities with a unique vetor
p = p0e0 + p1e1 + ...+ pK−1eK−1.
The probabilities are assumed to evolve in time as a homogeneous CTMC [10,20℄.
This amounts to assuming that the harater state at any time t, onditional on
the harater state any time t′ < t, is independent of the harater state at any
earlier time t′′ < t′ [6,7,21℄. The dening relation for the time evolution is
d
dt
p(t) = R · p(t), (1)
where R is a linear operator. To preserve reality of the probabilities and the
property
∑
i pi(t) = 1, ∀t it follows that in the preferred basis R is a real valued
zero olumn sum matrix. A formal solution of (1) for time independent R is found
by exponentiating
p(t) =eRtp(0)
:=M(t)p(0).
(2)
We refer to M(t) as a Markov operator. Taking its derivative
d
dt
M(t) = RM(t),
we observe that
d
dt
M(t)|t=0 = R.
As is well known, in order to onserve positivity of the probabilities it must also
be the ase that
Rij ≥ 0, ∀i 6= j;
Rii ≤ 0.
In phylogenetis we onsider the ase where we have multiple, aligned, N site,
K harater systems labelled by {1, 2, ..., L}. We refer to the individual systems
as taxa. What is now of interest is the set of frequenies
p̂i1i2...iL :=
total number of ourrenes of pattern i1i2...iL
N
,
i1, i2, ..., iL =0, ..., K − 1.
We model these frequenies by again dening a set of probabilities whih are the
theoretial limit
pi1i2...iL := lim
N→∞
p̂i1i2...iL .
The system is assumed to have evolved in time as a homogeneous CTMC.
Introduing the random variables x1, x2, ..., xL eah of whih take on values in
the individual harater spaes {i1, i2, ..., iL = 0, ..., K−1} and x = (x1, x2, ..., xL)
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whih takes on values in the KL dimensional harater spae {i1i2...iL} we an
write the transition probabilities of the Markov hain as
P(x= i1i2...iL, t|x=j1j2...jL, 0)
= P(x1= i1, t|x1=j1, 0)P(x2= i2, t|x2=j2, 0)...P(xL= iL, t|xL=jL, 0)
:= M1i1j1(t)M
2
i2j2
(t)...MLiLjL(t),
=
∑
k1,k2,...,kL
M1i1k1(t)M
2
i2k2
(t)...MLiLkL(t)δ
k1
j1
δk2j2 ...δ
kL
jL
.
From this we notie that it is possible to onstrut the state spae setting of the
tensor produt V ⊗V ⊗ ...⊗V = V ⊗L where the probabilities are assoiated with
the tensor
P (t) =
∑
i1,...,iL
pi1i2...iL(t)ei1 ⊗ ei2 ⊗ ... ⊗ eiL .
Time evolution of this system is generated by the transition probabilities of the
Markov hain whih in tensor notation an be represented as linear operators
ating on the initial pattern distribution
P (t) = M1(t)⊗M2(t)⊗ ...⊗ML(t)P (0),
where distint rate parameters have been allowed on eah omponent of the tensor
produt spae. (The reader should note thatM l refers to the lth omponent of the
tensor produt spae and is not meant to indiate the lth power of the operator
M .)
If we have a phylogeneti tensor P (t) whih desribes the pattern distribution
of haraters for L taxa, it is possible to nd the redued tensor P (t) whih gives
the pattern distribution for a subset of l taken from the original set of L taxa.
The orret operation is given by
pi1i2...iL(t)→ pi1i2...il(t) =
∑
is,it,...
pi1i2...iL(t),
P (t) =
∑
all i's
pi1i2...il(t)ei1 ⊗ ei2 ⊗ ...⊗ eil ,
(3)
where s, t, ..., label the taxa whih are not in the subset. Suh a redued tensor
will be referred to as a marginal distribution. (In this work we will follow the
onvention from here on that if a summation sign has no suxes it is assumed
that all indies inside the expression are to be summed over.)
3. Phylogeneti Branhing
Having developed the general tensor desription of the homogeneous CTMC model
of sequene evolution in phylogenetis, in this setion we will now introdue a
formalism for desribing the branhing events. We do this by dening a formal
operation on the tensor spae.
Consider the ase where we have a single taxon branhing into L = 2 taxa. The
orresponding mathematial operation is V → V⊗V . If the branhing event ours
at t = τ we are required to determine the appropriate pattern probabilities pi1i2(τ )
given the probabilities pi(τ ). (In this paper τ is onsidered to be an additional
model parameter alongside the parameters in the rate matries). Intuitively a
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reasonable hoie is the initial set pii(τ ) = pi(τ ) and pij(τ ) = 0,∀i 6= j.
In order to formalize this we introdue the splitting operator δ : V → V ⊗ V .
The most general ation of δ on the basis elements of V an be expressed as
δ · ei =
∑
j,k
Γ jki ej ⊗ ek,
(4)
where Γ jki are an arbitrary set of oeients. Standard models of phylogenetis
assume onditional independene upon the distint branhes of the tree [22,6,7,
16℄. This assumption will presently be used to determine the exat form of the
splitting operator. It is only neessary to onsider initial probabilities of the form
p
(γ)
i (τ ) = δ
γ
i ,
γ = 0, 1, ..., K − 1
so that the initial single taxon state is
p(γ)(τ ) =
∑
i
p
(γ)
i (τ )ei,
=
∑
i
δγi ei.
Diretly subsequent to the branhing event the 2 taxa state is given by
P (γ)(τ ) = δ · p(γ)(τ ),
=
∑
i,j,k
δγi Γ
jk
i ej ⊗ ek.
We implement the onditional independene upon the branhes by setting
P(x= i1i2,t= t
′|x1=x2 = γ, t=τ )
= P(x1= i1, t= t
′|x1=γ, t=τ )P(x2= i2, t= t
′|x2=γ, t=τ ).
(5)
Using the tensor formalism the transitions probabilites an be expressed as
P(x1 = i1, t = t
′|x1 = γ, t = τ ) =
∑
k
M1i1k(t
′ − τ )δγk ,
P(x2 = i2, t = t
′|x2 = γ, t = τ ) =
∑
l
M2i2l(t
′ − τ )δγl ,
P(x = i1i2, t = t
′|x1 = x2 = γ, t = τ )
=
∑
k,l,m
M1i1k(t
′ − τ )M2i2l(t
′ − τ )δγmΓ
kl
m .
Implementing (5) leads to the requirement that
Γ klγ = δ
γ
kδ
γ
l
(6)
and the basis dependent denition of the splitting operator
δ · ei = ei ⊗ ei. (7)
The ation on the omponents of a vetor is suh that
pij(τ ) = pi(τ ), i = j;
= 0, i 6= j;
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whih is onsistent with our intuitive guess. As will beome apparent, the opera-
tion dened in (7) takes disentangled states into entangled states.
The splitting operator is an important strutural element of the tensor de-
sription and its symmetry properties [1℄ are intimately related to the existene
of disrete transform methods for partiular lasses of phylogeneti model. More
general forms of the onditions (6) an be envisaged under weaker assumptions
than onsidered here. Finally, in the partile sattering piture for phylogeneti
branhing [11℄ the splitting operator is implemented as an interation term. For
present purposes the utility of δ is that it allows us to write down a formal expres-
sion for a system whih undergoes a branhing event. Suppose a system desribed
by the tensor P ∈ V ⊗L undergoes a branhing event on its rth branh, the new
system is desribed by
P → (11 ⊗ 12 ⊗ ...⊗ 1r−1 ⊗ δ ⊗ 1r+1 ⊗ ...⊗ 1L)P ∈ V
⊗L+1, (8)
where 1s is the identity operator on the sth omponent of the tensor produt
spae. We introdue the onvention that the tensor spae is labelled so that under
the ation (8) the probabilities are given by
pi1i2...iL → pi1i2...irir+1ir+2...iLiL+1 = pi1i2...irir+2...iLiL+1δirir+1 .
We introdue parameter sets labelled on the edges of the tree by {ǫa, a = 1, 2, ...}
and dened as ǫa = {αa, βa, ..., .; ta} to distinguish entries in the rate matries
and branh lengths on dierent edges. Given the solution (2) it should be noted
that there is an edge saling symmetry
{αa, βa, ...} → {λαa, λβa, ...},
ta → λ
−1ta
whih leaves the model invariant. This symmetry is well known in the literature
[6,7℄ and indiates that it is not possible to distinguish between a fast rate of evo-
lution and a long time period of evolution. When the rate parameters {αa, βa, ...}
are idential on all edges of the tree, a "moleular lok" is said to be in opera-
tion. Under the irumstanes of a moleular lok it is possible in priniple to
determine the time period.
The edges of a tree are labelled using an away-from-the-root and left-to-right
ordering onvention. As an example the expression whih denes the most general
homogeneous CTMC on the tree (1((23)4)) is given by
P τ2τ3(t)
= (Mǫ1⊗Mǫ5⊗Mǫ6⊗Mǫ4)1⊗δ⊗1(1⊗Mǫ3⊗1)1⊗δ(1⊗Mǫ2 )δ · p
where p is the initial single taxon distribution, τ2,τ3 dene the branhing times
and t1 = t, t4 = t− τ2, t5 = t6 = t− τ2 − τ3, (see gure 1).
In this work we will derive results whih are independent of the partiular rate
parameters whih our in the Markov operators of the model.
4. Stationary states
A stationary state of a homogeneous CTMC is dened as the vetor, π, whih
satises
R · π = 0.
(9)
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1 2 3 4
Figure 1. The CTMC model of four taxa on the tree (1((23)4)).
The stationary state an be generalized to the ase of a tensor, Π ∈ V ⊗L, assoi-
ated with a set of pattern probabilities whih satises
R1 ⊗R2 ⊗ ... ⊗RL ·Π = 0
and has solution
Π = π1 ⊗ π2 ⊗ ...⊗ πL.
It should be noted that Π is a ompletely separable state and that any state tends
to the stationary state as t→∞ [10℄.
5. The pulley priniple
We onsider the ase of a single taxon whih is in state p∈V at time t = 0. We
implement a branhing event at t = 0 and let the system evolve under arbitrary
Markov operators to produe the state at a later time t
P (t) = Mǫ1 ⊗Mǫ2δ · p ∈V ⊗ V, (10)
(see gure 2).
εM εM
p
1 2
1 2
Figure 2. The CTMC model of two taxa.
The dual vetor spae V ∗ has a basis whih onsists of the linear maps {f i :
V → F, i = 1, ..., K} whih satisfy f i(ej) = δ
i
j . Using this dual basis we an dene
an isomorphism φ : V ⊗ V → L(V ) as φ(ei ⊗ ej)→ eif
j
and rewrite (10) as
φ(P (t)) = Mǫ1φ(δ · p)M
⊺
ǫ2
,
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where ⊺ indiates matrix transpostion.
The pulley priniple is then a diret onsequene of the existene of states p
suh that Mφ(δ · p) = φ(δ · p)M⊺ for a given Markov operator M . A solution an
be found to be
p = π,
where M · π = π so that π is a stationary state under M . Putting this together
we an onlude that
P1(t) := [Mǫ1 ⊗Mǫ2 ] δ · π1 = [1⊗Mǫ2Mǫ1 ] δ · π1,
or
P2(t) := [Mǫ1 ⊗Mǫ2 ] δ · π2 = [Mǫ1Mǫ2 ⊗ 1] δ · π2,
for the speial ase where Mǫ1 · π1 = π1 or Mǫ2 · π2 = π2, respetively. This tells
us that in the ase where the initial distribution is a stationary state of one of
the rate matries on edges 1 and/or 2 the plaement of the root of the tree is
not stritly determined. This property has been observed previously to hold when
the Markov hain is reversible, [6,7℄. However in the tensor framework presented
here we have rened the pulley priniple by showing that one requires only that
the initial distribution π be a stationary distribution upon either branh of the
tree for one to be able to "pull" that same branh through the initial distribution.
This is a less stringent requirement than that of reversibility [10℄.
6. Group invariants and orbit lasses
In quantum physis there has been muh interest in quantifying and/or lassifying
the phenomenon of entanglement between multiple non-loal systems [25℄. The
orret desription involves expressing the total state vetor as belonging to the
multi-linear spae built from the tensor produt of the individual state spaes.
Entangled states exhibit non-loal behaviour and orrespond mathematially to
the non-separable property of suh state vetors.
A systemati approah to the lassiation problem is to study the orbit lasses
of the tensor produt spae under a group ation whih is designed to preserve the
essential non-loal properties of entanglement. The orbit of an element h belonging
to the (multi)-linear spae H under the group ation G is dened as the set of
elements {h′ ∈ H : h′ = gh for some g ∈ G}.
In quantum physis the appropriate group ation is known to be the set of
SLOCC operators, (Stohasti Loal Operations with Classial Communiation)
[13,4,9,17,15℄. Mathematially SLOCC operators orrespond to the ability to
transform the individual parts of the tensor produt spae H ∼= H1 ⊗H2 ⊗ ... ⊗
Hn with arbitrary invertible, linear operations. These operators are expressed by
group elements of the form
g = g1 ⊗ g2 ⊗ ...⊗ gn,
where n is the number of individual spaes making up the tensor produt, and
gi ∈ GL(Hi).
The task is to identify the orbit lasses of a given tensor produt spae under
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the general set of SLOCC operators. Powerful tools in this analysis are the meth-
ods of lassial invariant theory. If H is dened on a eld F, the set of invariant
funtions I(G) is dened as
I(G) = {f : H → F, s.t. f(gh) = [det g]kf(h), k ∈ 0, 1, 2, ..., ∀g ∈ G,h ∈ H}.
Clearly suh invariants are relatively onstant up to the determinant upon eah
orbit lass of H . The set of invariants an, after some trivial denitions, be given
the struture of a (graded) ring and it an be shown that there exists (under the
ation of the general linear group at least) a nite set of elements whih generate
the full set on a given linear spae. It an also be shown that the set of orbit lasses
of a given linear spae an be ompletely lassied given a full set of invariants
on that spae [18℄.
The motivation of the present work is the possibility that the study of orbit
lasses an be used to eluidate interesting results in phylogenetis.
7. K = 2 haraters and qubits.
From here on we speialize to the ase where the set of haraters onsists ofK = 2
elements {0, 1}. When we are dealing with a single taxon the phylogeneti state
p mathematially orresponds to a vetor belonging to R2. In quantum physis
the orresponding two dimensional objet is the "qubit" whih in turn belongs
to the vetor spae C
2
and if we take multiple qubits the orret state spae is
H = C2 ⊗ C2 ⊗ ... ⊗ C2. As we showed previously the ase of the phylogenetis
of multiple taxa the orresponding state spae is H = R2 ⊗ R2 ⊗ ...⊗ R2. In the
forgoing work we will be impliitly taking advantage of the fat that R ⊂ C.
8. Canonial Forms
We wish to onstrut the orbit lasses of H = C2 ⊗ C2 under the group ation
GL(C2)×GL(C2). We have seen that for any state h ∈ H we an nd an isomor-
phi state φ(h) ∈ L(C2) whih transforms under the group ation as φ → φ′ =
g1φg
⊺
2 . Hene we an answer the orbit lass problem by taking a anonial 2 × 2
matrix X and onsidering the set of matries M : M = AXB;A,B ∈ GL(C2).
Theorem 1. The vetor spae V ⊗ V where V ≡ C2 has three orbits under the
group ation GL(V ) ×GL(V ). Under the isomorphism V ⊗ V ∼= L(V ) the orbits
are haraterized by the following anonial forms: (i) Null-orbit X =
(
0 0
0 0
)
; (ii)
Separable-orbit Y =
(
1 0
0 0
)
; (iii) Entangled-orbit Z =
(
1 0
0 1
)
. The separable and
entangled-orbits an be distinguished by the determinant funtion.
Proof. (i) The null-orbit has only one member, the null vetor; whih is of ourse
unhanged by the group ation. (ii) We are required to show that the set of
2 × 2 matries M = {S : S = AY B;A,B ∈ GL(V )} is all matries suh that
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det(S) = 0. We begin by taking a general member of M, S =
(
a b
c d
)
with
ad− bc = 0. Clearly the matries
S′ : =
(
0 1
1 0
)
S =
(
c d
a b
)
, S′′ : = S
(
0 1
1 0
)
=
(
b a
d c
)
, and
S′′′ : =
(
0 1
1 0
)
S
(
0 1
1 0
)
=
(
d c
b a
)
also belong to M. So without loss of generality we an take a 6= 0 and it is an
easy omputation to show that
S =
(
1 0
c/a 1
)
Y
(
a b
0 1
)
,
so that M is the set of 2 × 2 matries with vanishing determinant. (iii) Clearly
any 2×2 matrix N with non-zero determinant an be written as N = AZB where
A,B ∈ GL(C2). ⊓⊔
Corollary 1. The orbits of H = C2 ⊗C2 under SL(C2)× SL(C2) are labelled by
the determinant funtion det[φ(h)].
For further disussion see [2,13,4℄.
9. The onurrene
We onsider the ase of L = 2 taxa derived from the branhing of a single taxon
at t = 0 followed by arbitrary Markov evolution. The state is represented by a
tensor in H = R2 ⊗ R2 and is expressed as
P (t) = Mǫ1 ⊗Mǫ2δ · p, (11)
where t1 = t2 = t, (see gure 2).
The most general rate matrix depends on 2 parameters and an be expressed
as
R =
(
−α β
α −β
)
where α and β are real. A simple free parameter ount in expression (11) yields,
taking into aount the saling symmetry on edges, 1 free parameter due to eah
transition matrix and 1 free parameter due to the initial state p. Hene there are
a total of 3 free parameters and given that the omponents of the K2 = 4 dimen-
sional P (t) are probabilites we onlude that all free parameters are aounted
for.
In quantum physis the tensors representing 2 qubits orrespond in phyloge-
netis to the ase of L = 2 taxa with K = 2 haraters. As we have shown in the
previous setion, there exist 2 nontrivial orbit lasses whih are ompletely distin-
guished by the relative invariant known as the onurrene, C : H = C2⊗C2 → C.
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Using the formalism we have developed we an express the onurrene of the
state h ∈ H as
C(h) = det[φ(h)],
(12)
whih satises
C(h′) : = C(g1 ⊗ g2h)
= det[g1φ(h)g
⊺
2 ]
= det[g1] det[g2]C(h),
so the onurrene is truly a relative invariant. This an also be expressed expliitly
as
C(h) =
∑
hijhklǫikǫjl, (13)
where ǫ is the ompletely anti-symmetri tensor with ǫ01 = 1. The two orbit
lasses orrespond to the ompletely entangled Bell state and the ompletely dis-
entangled, and hene separable, state. The entangled orbit is the set of states
equivalent to the Bell state
hbell =
1√
2
(e0 ⊗ e0 + e1 ⊗ e1),
whereas the dis-entangled orbit is the set of states whih take on the separable
form
h = u⊗ v,
where u, v ∈ C2. The onurrene vanishes if and only if the state belongs to the
separable orbit lass. This property an be used to distinguish the orbit lasses.
In phylogeneti analysis the onurrene an be used to establish the magni-
tude of divergene between a pair of taxa derived from a single branhing event.
The ase where there is no phylogeneti relation annot be distinguished from the
ase of innite divergene. When there has been innite divergene we have
lim
t→∞
P (t) = Π = πǫ1 ⊗ πǫ2 ,
whih is a separable state and hene has onurrene
C(πǫ1 ⊗ πǫ2) = (β1β2)(α1α2)− (β1α2)(α1β2) = 0.
The onurrene of the phylogeneti state (11) is given by
C(P (t)) = det[Mǫ1 ] det[Mǫ2 ] det[φ(δ · p)]
and using the operator identity det[eX ] = etrX an easily be omputed
C(P (t)) = etr[R1t]etr[R2t]p0p1
= e−(α1+β1+α2+β2)tp0p1.
(14)
From this expliit form it an be seen that the onurrene is some kind of measure
of phylogeneti divergene. From the onurrene we would like to onstrut a
formal distane funtion. In the ase of general L taxa it is of ourse possible to
onstrut a redued tensor whih represents the pattern distribution upon any
pair of the taxa. This is ahieved using the presription dened in equation (3).
One an then go on to alulate the onurrene between any given pair of taxa
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taken from the set of L. We dene a distane funtion, dij , between any pair of
taxa taken from a set of L as
dij : = − log C
(∑
Pa1a2...aLeai ⊗ eaj
)
, i 6= j
dii : = 0.
(15)
From the denition of the onurrene (13) it is trivial to show that dij = dji. At
the time, τ , of the branhing event at whih the pair of taxa under onsideration
were reated the onurrene took on the value p0p1 where
pγ =
∑
all a's
Pa1a2...ai−1γai+1...aj−1γaj+1...aL(τ ),
(16)
Of ourse we have 0 ≤ p0p1 ≤ 1 and after this time the onurrene sales with
the determinant det[Mi] det[Mj ] whih is also stritly positive and less than unity.
We an onlude that the onurrene between a pair of taxa is always stritly
positive and less than unity and that the distane funtion, dij , is also stritly
positive. The triangle inequality
dij + djk ≥ dik
is equivalent to the statement that
C
(∑
Pa1a2...aLeai ⊗ eaj
)
C
(∑
Pa1a2...aLeaj ⊗ eak
)
≤ C
(∑
Pa1a2...aLeai ⊗ eak
)
,
whih invoking (14) an be expressed as
e−(αi+βi+αj+βj)tp(ij)0 p
(ij)
1 e
−(αj+βj+αk+βk)tp(jk)0 p
(jk)
1
≤ e−(αi+βi+αk+βk)tp(ik)0 p
(ik)
1 .
Here p(ij) is the single taxon marginal distribution existing at the node losest to
the root whih joins taxon i to taxon j. These marginal distributions are alu-
lated as in (16). Now depending on the branhing struture of the tree we have
p(ij) = p(jk) or p(jk) = p(ik) so that the distane funtion satises the triangle
inequality.
The distane funtion (15) is well known in phylogenetis as the log det dis-
tane [22,6℄.
10. The tangle
We onsider the ase of L = 3 taxa derived from the branhing of a single taxon
at t = 0 followed by arbitrary Markov evolution, an additional branhing event
on edge 1 or 2 at t = τ and then additional arbitrary Markov evolution. For the
ase when the seond branhing event ours on edge 2 the tree is represented by
(1(23)) and the state is represented by a tensor in H = R2 ⊗ R2 ⊗ R2 as
Pτ (t) = [Mǫ1 ⊗Mǫ3 ⊗Mǫ4 ]1⊗ δ[1⊗Mǫ2 ]δ · p, (17)
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Figure 3. The CTMC model of three taxa on the tree (1(23)).
where t1= t, t2 = τ , t3 = t4 = t− τ , (see gure [3℄)
2
.
It is known that there are 6 orbit lasses of C
2 ⊗ C2 ⊗ C2 under GL(C2) ×
GL(C2)×GL(C2) that an be distinguished by funtions of the onurrene and
another relative invariant known as the tangle [4,9℄. We begin by dening a partial
onurrene operation {Ca : C
2 ⊗ C2 ⊗ C2 → C2 ⊗ C2, a = 1, 2, 3.} as
C1(h) =
∑
hijkhlmnǫjmǫknei ⊗ el,
C2(h) =
∑
hijkhlmnǫilǫknej ⊗ em,
C3(h) =
∑
hijkhlmnǫilǫjmek ⊗ en.
(18)
From these denitions it is easy to see that
C1(h
′) : = C1(g1 ⊗ g2 ⊗ g3h)
= [det(g2) det(g3)]g1 ⊗ g1C1(h),
with similar expressions for C2 and C3. The tangle, {T : C
2 ⊗ C2 ⊗ C2 → C}, an
be dened as
T = CoCa,
where we will onrm shortly that T is independent of the hoie of a. The tangle
is a relative invariant satisfying
T (h′) = [det(g1) det(g2) det(g3)]
2T (h), (19)
and, in analogy to 13, an also be written in the form
T (h) =
∑
ha1a2a3hb1b2b3hc1c2c3hd1d2d3ǫa1b1ǫb2c1ǫc2d1ǫd2a2ǫb2d3ǫa3c3 . (20)
The 6 orbit lasses are desribed by the ompletely dis-entangled states
h =u⊗ v ⊗ w,
u, v, w ∈ C2;
the partially entangled states
ha : a = 1, 2, 3,
2
The use of pattern frequenies for the ase of three taxa has been studied in
relation to the problem of tree reonstrution by Pearl and Tarsi [19℄ and Chang
[3℄.
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whih form 3 orbit lasses haraterized by the separability of the anonial tensors
(1) hijk = uivjk,
(2) hijk = uijvk,
(3) hijk = uikvj ;
the ompletely entangled states equivalent to the GHZ state
hghz =
1√
2
(e0 ⊗ e0 ⊗ e0 + e1 ⊗ e1 ⊗ e1);
and the ompletely entangled states equivalent to the W state
hw =
1√
3
(e0 ⊗ e0 ⊗ e1 + e0 ⊗ e1 ⊗ e0 + e1 ⊗ e0 ⊗ e0).
The tangle and the onurrene and its partial ounterparts an be used to fully
distinguish these orbit lasses. For the ompletely dis-entangled tensors we have
Ca(h) = 0, ∀a;
whereas for the partially entangled states we have
Ca(ha′) = 0, i δ
a′
a = 0.
The GHZ and W orbits are distinguished by alulating the tangle
T (hghz) 6= 0, T (hW ) = 0.
From these properties we will now show that the tangle is indeed independent
of the hoie of the partial onurrene. Begin by introduing an ation of the
symmetri group, S3, on the tensor produt spae dened by
σ ∈ S3 : V1 ⊗ V2 ⊗ V3 → Vσ1 ⊗ Vσ2 ⊗ Vσ3.
Now sine the tangle vanishes everywhere exept on the GHZ orbit and σhghz =
hghz we need only onsider the value of the tangle on elements whih lie on the
GHZ orbit. We take as our element x = g1 ⊗ g2 ⊗ g3hghz and proeed. From its
denition the tangle satises
T (σh) = CoCa(σh) = CoCσa(h),
∀h ∈ H. For our element x we have
T (σx) = T (gσ1 ⊗ gσ2 ⊗ gσ3hghz),
= [det g]2T (hghz),
= T (x).
This shows that
CoCa = CoCσa,
∀σ ∈ S3.
We now determine whih orbit the L = 3 phylogeneti state (17) lies in. The
easiest way to do this is to alulate the various invariants at the time of the
branhing event. To this end we use (8) so that omponents of the state are
pi1i2i3(τ ) = pi1i2(τ )δi2i3 . (21)
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From this expression we might expet that the entanglement of the state given by
the tangle just after branhing an be expressed as a funtion of the entanglement
in the state given by the onurrene just before branhing. This is indeed the ase.
By diret omputation using (21) it an be shown that at the time of branhing
the tangle is given by
T (Pτ (τ )) = CoC3(Pτ (τ ))
= −2[C(Mǫ′
1
⊗Mǫ2δ · p)]
2,
where ǫ′1 = {α1, β1; t2}. The tangle has the value
T (Pτ (τ )) = −2e
−2(α1+β1+α2+β2)τ [p0p1]
2. (22)
Subsequent to this the tangle takes on the value
T (Pτ (t)) = (det[Mǫ′′
1
] det[Mǫ3 ] det[Mǫ4 ])
2T (Pτ (τ ))
= −2e−2(α1+β1+α3+β3+α4+β4)(t−τ)e−2(α1+β1+α2+β2)τ (p0p1)
2,
so that the phylogeneti state belongs to the GHZ orbit for all nite t. This equiv-
alene has in fat been observed in a dierent ontext in [12℄. It should be noted
that as t → ∞ the tangle tends to zero and the state beomes the disentangled,
stationary state whih orresponds phylogenetially to the ase where the taxa
are unrelated. This is of ourse what we would expet if the taxa have diverged
so muh that there is no longer a possibility of establishing any relation between
the taxa.
11. The tangle and distane funtions
The tangle gives us a new tool for alulating the phylogeneti distane between
a set of three taxa. As was the ase with the onurrene it is possible to alulate
the value of the tangle for any subset of three taxa taken from a set of L taxa.
We use the tangle to dene a three taxa phylogeneti distane given by
dijk :=
1
2
log 2− 1
2
log
[
−T
(∑
Pa1a2...aLeai ⊗ eaj ⊗ eak
)]
. (23)
For the ase under onsideration this three taxa distane takes on the value
d123 = (α1 + β1)t+ (α2 + β2)τ
+ (α3 + β3 + α4 + β4)(t− τ )− log p0p1.
At this point it is illuminating to ompare the values of all the partial distane
funtions d12, d23 and d13 with the value of the tangle for the ase of the branhing
struture (1(23)). The distane funtions take on the values
d12 = (α1 + β1)t+ (α2 + β2)τ + (α3 + β3)(t− τ )− log p0p1,
d23 = (α3 + β3 + α4 + β4)(t− τ )− log p
′
0p
′
1,
d13 = (α1 + β1)t+ (α2 + β2)τ + (α4 + β4)(t− τ )− log p0p1,
where p′ = Mǫ2p. We dene weights on the edges 1, 2, 3, 4 of the tree to be
x = (α1 + β1)t,
y = (α2 + β2)τ,
z = (α3 + β3)(t− τ ),
w = (α4 + β4)(t− τ ),
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respetively. It is possible to solve the distane funtion equations for the weights
x+ y = d12 + d13 − d123 + log p0p1,
z = d123 − d13,
w = d123 − d12,
log p′0p
′
1 = 2d123 − d12 − d13 − d23.
In summary we nd that, if we assume the branhing struture of the tree, we now
have a presription that gives us the evolutionary distanes between three taxa
up to errors aused by the fat we annot determine the marginal distribution,
p, whih lies the at top node of the tree. This marginal distribution must be
estimated using some resonable presription.
To eluidate the value of inluding the tangle in the analysis we present the
orresponding set of branh lengths alulated without using the tangle
x+ y = 1
2
(d12 + d13 − d23)− log p0p1 −
1
2
log p′0p
′
1,
z = 1
2
(d12 + d23 − d13) +
1
2
log p′0p
′
1,
w = 1
2
(d23 + d13 − d12) +
1
2
log p′0p
′
1.
This omparison makes lear the advantage of inluding the tangle in the
analysis of branh lengths.
12. Conlusion
We have shown that it is possible to present the ontinuous time Markov hain
model of phylogenetis using a dynamial, tensor state spae desription. We have
shown that the branhing proess introdues entanglement into the desription,
and that the group invariant approah to entanglement in quantum physis an be
used in phylogenetis to derive distane funtions between taxa. The main origi-
nal result presented was the use of the tangle as a new distane measure between
three taxa.
Entanglement measures an be extended to the ases of K > 2 and L > 3
and will be explored in future work. In partiular the invariant theory for the ase
of K = 2, L = 4 is established in the physis literature [24,14℄ and progress in
interpreting the theory in the phylogeneti ontext is underway.
The use of invariant funtions to distinguish alternate tree branhing stru-
tures was not ahieved in this work, but future work will explore sharpening the
group ation from GL(V )×L to the more stringent Markov operator ation and
it is hoped that this will allow branhing strutures to be distinguished using the
orresponding invariant funtions. This will allow results establishing that if and
only if the values of invariant funtions taken on an arbitrary harater distribu-
tion satisfy ertain relations, then it an be onluded that the distribution was
generated from a Markov model on a given branhing struture.
There is the remaining issue that the distane funtions are known only up
to log funtions of the marginal distributions at the nodes. An avenue of furthur
researh would be to determine under what onditions these log funtions an
be treated as statistially insigniant. This would involve studying how far the
sequenes an diverge before the information ontent of the distribution beomes
so small that the alulation of edge weights is misleading. That is, under what
irumstanes are the edge weights large enough so that terms suh as log p0p1
an be treated as small error? The problem is that the edge weights are a measure
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of the magnitude of divergene, whih if allowed to beome large enough means
that the information ontent of the distribution is small, and hene there is no
potential to establish phylogeneti relation anyway. It would be fruitful to explore
these issues analytially.
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